
Topics in Machine 
Learning

Machine Learning for 
Healthcare

Rahul G. Krishnan
Assistant Professor

Computer science & Laboratory Medicine and Pathobiology



Outline

• Time series data in healthcare
• Data in cardiology
• Data in chronic disease care
• Tasks for machine learning
• Univariate time series models
• Multi-variate time series models
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Time in healthcare

• If you’re visiting the doctor just once, your visit may fall into one of 
the following:
• Annual check up,
• A minor issue that needs a referral,
• A very severe issue (intensive trauma, late stage cancer) that is too late to be 

treated,

• In reality, many problems in healthcare involve time-varying (or 
longitudinal data). 



Time-series data in healthcare

• Population level: 
• Infection statistics for various diseases are tracked at the local, provincial, 

federal level
• Used to inform and guide policy decisions

• Hospital level: 
• Weekly admission statistics to the emergency department are tabulated, 

tracked and forecast
• Used to guide weekly staffing policies. e.g. nurse schedules

• Individual level:
• Critical care
• Chronic diseases



Patients in critical care units



Time-series data in critical care patients

• Often suffer from one or more severe conditions underlying the 
reason they are in the ICU,
• The goal of doctors in the ICU is often twofold: 

• Keep patient state stable
• Treat the underlying disease burden

• Many different sensors, each tracking a different physiologic time-
varying signal 
• Many examples of data that are sampled and tracked at a high-

frequency



Physiological time-series data 1 [cardiology]

• Electrocardiogram: 
• A simple way to evaluate the functioning of the heart
• Electrodes placed at different parts of the body and measure/interpret heart 

functioning
• Why does it work: Natural electric impulses govern contractions of the heart. 

By measuring them, we can assess how fast it is beating, the rhythm of the 
heartbeat and the strength of the pulses 

• Diseases: Congestive heart failure
• Type of data: continuous time



Physiological time-series data 2 [cardiology]

• Transthoracic echocardiography (TTE)
• Widely used diagnostic tests in cardiology. Ultrasound of the heart
• Characterize size and shape of the heart, pumping capacity, and the location 

of any tissue damage

• Type of data: video [time series of images]

Source: Role of Echocardiography in the Intensive Care Unit: Overview of the Most Common Clinical Scenarios
 ,Longobardo et. al, https://www.ncbi.nlm.nih.gov/pmc/articles/PMC6664324/



Patients suffering from chronic diseases 

• Chronic diseases are defined 
broadly as conditions that last 1 
year or more and:
• Require ongoing medical attention 
• Limit activities of daily living  
• Both of the above

• The American Cancer Society 
views cancer as a chronic 
disease when the cancer can be 
controlled with treatment, 
becomes stable, or reaches 
remission.
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Chronic Disease Management – (1) 

• Canonical picture that characterizes how healthcare data behave
• Interesting and useful structure in how chronic diseases are treated



Chronic Disease Management – (2) 

• Treatments are often grouped across time
• Each line denotes an implicit plan that the clinician has on how to 

treat a patient 
• The first line of therapy is generally what is recommended by clinical 

trials based on a match between patient characteristics and trial 
cohorts



Chronology of chronic disease therapy

First line therapy
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Progression events  

• Progression events mark the failure of a line of therapy
• Death
• Patient did not respond
• Patient cannot tolerate the medication 

• Move onto the next line of medication 
• Chronic disease care is personalized by care providers 



Diabetes care and management

• Biomarkers: 
• Blood sugar (A1C) levels

• Interventions
• First line: Metformin 
• Second line: 

• Combination therapy: Metformin + Sulfonylurea drug

Source: https://www.cadth.ca/sites/default/files/pdf/second_line_therapy_for_type_2_diabetes_in_brief_e.pdf



What does this mean for data?

• Chronic disease care involves data collection at regular time intervals 
• Typically, intervals between data are a few weeks or months

• Data types: 
• Longitudinal lab-values and treatments
• Genetics
• Imaging



Tasks for machine learning

• Risk stratification with time-series data
• All the same techniques we saw previously except our conditioning set x now 

comprises a time-series

• Pattern discovery in time-series data
• K-means is easy to apply on static data
• What about noisy, missing, time-varying data? 

• Forecasting 
• Can we use statistical models to predict how a patient might evolve over time
• Counterfactual reasoning is an important topic

• Condition on aspects of the data that can change how observations behave over time



Challenges for machine learning 

• Clinical decision making is multi-modal
• Frequency of observations and interventions can vary dramatically: 

• Intensive care unit: Observations and interventions happening in real-time
• High-frequency data 

• Chronic disease management: Observations and interventions happen over 
the span of months or years
• Low-frequency data

• Missingness is rampant 
• ICU: sensor noise
• Chronic disease management: administrative errors, access to health 

insurance



Preprocessing for time-series data

• For static data: 
• Z-scoring
• Min-max normalization

• For temporal data: 
• Normalization by standard reference measures (healthy values)
• Log-transformation 
• Removing the mean of a time-series
• Normalization to [-1 , 1]
• Outlier removal

• Not a good idea to remove if signal is in tails of the distribution

• Imputation for missing data:
• Feed-forward imputation
• Linear interpolation
• Polynomial interpolation
• We’ll see more advanced imputation strategies later in the class



Learning problems with time-series data

• One of the best ways to learn about statistical models for time-series 
data is to know what you can do with them, 
• Unsupervised learning

• Forecasting – predict time-series into the future
• Identify and detect patterns and clusters in time-series

• Supervised learning: 
• Make predictions from time-series

• Lets turn our attention to focus on forecasting
• To do forecasting, we often need a model of the time-series
• We’ll start with the task of modeling a single biomarker



Univariate models of time series data



Time-series regression with time-series 
features

• Treat time-series modeling as a linear regression problem
• x: features (potentially time-varying)
• y: outcome of interest
• But what if we had no other features? 

<latexit sha1_base64="gqASA7kU4FLIV6g/CsC2gRlDp/o=">AAACMnicbZDLSgMxFIYz9VbrbdSlm2ARBLHM1KJuhKIb3VWwF2jLkEnTNjRzITkjDkOfyY1PIrjQhSJufQjTdqDaeiDw8/3ncHJ+NxRcgWW9GpmFxaXllexqbm19Y3PL3N6pqSCSlFVpIALZcIligvusChwEa4SSEc8VrO4OrkZ+/Z5JxQP/DuKQtT3S83mXUwIaOeZN7AC+wBQf4Rb0GRDHxg9OAsf2cIqKE1QcI9EJQE29k4k3GDpm3ipY48Lzwk5FHqVVccznViegkcd8oIIo1bStENoJkcCpYMNcK1IsJHRAeqyppU88ptrJ+OQhPtCkg7uB1M8HPKa/JxLiKRV7ru70CPTVrDeC/3nNCLrn7YT7YQTMp5NF3UhgCPAoP9zhklEQsRaESq7/immfSEJBp5zTIdizJ8+LWrFgnxZKt6V8+TKNI4v20D46RDY6Q2V0jSqoiih6RC/oHX0YT8ab8Wl8TVozRjqzi/6U8f0DnPynbw==</latexit>

yt = c+ ✓1xt�1 + ✓2xt�2 + . . .+ ✓3xt�k



ARIMA [AutoREgressive Integrated Moving 
Average]

<latexit sha1_base64="f2SmlmT3jffgWa3JwWZ6FKI4ps0="></latexit>

y0t = c+ �1y
0
t�1 + . . .+ �py

0
t�p

+ ✓1✏t�1 + . . .+ ✓q✏t�q + ✏t

• ARIMA(p,d,q) model
• p: order of autoregressive 

part
• d: degree of differencing
• q: order of moving average

Reference: Forecasting: Principles and Practice, Rob J Hyndman and George Athanasopoulos

Pro: Very flexible model of time-series data!
Con: linear additive model

https://otexts.com/fpp2/


Nonlinear models of univariate time-series 
data

<latexit sha1_base64="fVXVfWQdXqNBsqcwjG5i0yxFubs=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWqGVGigoiFN24rGAf0ClDJs20oZkHyR2xDP0EN/6KGxeKuHXpzr8xbWehrQcunJxzL7n3uJHgCkzz28gsLC4tr2RXc2vrG5tb+e2dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru4HrsN++ZVDwM7mAYsY5PegH3OCWgJSd/OHQAX2Kv+OAkcGyNSrbohqBKePIejC5s6DMgR06+YJbNCfA8sVJSQClqTv7L7oY09lkAVBCl2pYZQSchEjgVbJSzY8UiQgekx9qaBsRnqpNMDhrhA610sRdKXQHgifp7IiG+UkPf1Z0+gb6a9cbif147Bu+8k/AgioEFdPqRFwsMIR6ng7tcMgpiqAmhkutdMe0TSSjoDHM6BGv25HnSOClbp+XKbaVQvUrjyKI9tI+KyEJnqIpuUA3VEUWP6Bm9ojfjyXgx3o2PaWvGSGd20R8Ynz/WhZvd</latexit>

yt = f(xt�1, . . . , xt�k; ✓)

• Very general formulation for a broad class of time series problems 
with nonlinear models 
• Theta represent the parameters of this model
• Next, we’ll study a single case study of the use of a such a non-linear 

model to make predictions from electrocardiogram data



General rule: Decompose time-series

When you think about modeling 
time-series data, think about 
trends and patterns that exist 
and how to design models to 
capture different variation.



Multivariate models of time series data



First-order Markov models

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="3X1/b43VKMlH2/8Mi84jKRAOGNs=">AAACFnicbZBLS8NAEMc39VXrK+rRy2IRWtCSpEW9CEUvHivYB7QhbLbbdunmwe5GWmI/hRe/ihcPingVb34bt2kQbR0Y9sd/ZpidvxsyKqRhfGmZpeWV1bXsem5jc2t7R9/da4gg4pjUccAC3nKRIIz6pC6pZKQVcoI8l5GmO7ya1pt3hAsa+LdyHBLbQ32f9ihGUkmOfhIWRo55PHIsleUivICJUEwe6/4HywqtoqPnjZKRBFwEM4U8SKPm6J+dboAjj/gSMyRE2zRCaceIS4oZmeQ6kSAhwkPUJ22FPvKIsOPkrAk8UkoX9gKu0pcwUX9PxMgTYuy5qtNDciDma1Pxv1o7kr1zO6Z+GEni49miXsSgDODUI9ilnGDJxgoQ5lT9FeIB4ghL5WROmWDOn7wIDatknpYqN5V89TK1IwsOwCEoABOcgSq4BjVQBxg8gCfwAl61R+1Ze9PeZ60ZLZ3ZB39C+/gGakqbzg==</latexit>

p(x1, x2, x3) = p(x1)p(x2|x1)p(x3|x2)

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>x3



K-gram models

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>x3
<latexit sha1_base64="KTEE9qLTTWCBS8OaaUC1UgCPYAQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnFe+iUr2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMTKo2s</latexit>x4

<latexit sha1_base64="P1bNnQkicsCXW6SpmVR/aQ+hAuE="></latexit>

p(x1, x2, . . . , x4) = p(x1)p(x2|x1)p(x3|x1...2)p(x4|x1...,3)



Recurrent Neural Networks
• Auto-regressive sequential models of data
• Forward recurrent neural network model

• Each hidden state summarizes all the variables in the past

p(x1, x2, x3) = p(x1|h1)p̂(h2|h1)p(x2|h2)p̂(h3|h2)p(x3|h3)

<latexit sha1_base64="Xh5JwUryFeAz5kXSOP4E+jybfuA="></latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

h1

<latexit sha1_base64="+Ms4+7gdJPDGk1Da5Op/x/6LZaI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWruvVRo3eRxFOINzuAQP6tCAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gD1h42X</latexit>

h2

<latexit sha1_base64="PwzKqzrbP3j5hxKa8gQ0U+Z5Fh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXql69Wr+vVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH3C42Y</latexit>

h3

<latexit sha1_base64="JxUN3OJwUOjEZ14Pd7srzMSA21w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QP4j42Z</latexit>



Recurrent neural networks in action

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5 nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

h1

<latexit sha1_base64="+Ms4+7gdJPDGk1Da5Op/x/6LZaI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5 nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWruvVRo3eRxFOINzuAQP6tCAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gD1h42X</latexit>

h2

<latexit sha1_base64="PwzKqzrbP3j5hxKa8gQ0U+Z5Fh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXql69Wr+vVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH3C42Y</latexit>

h3

<latexit sha1_base64="JxUN3OJwUOjEZ14Pd7srzMSA21w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QP4j42Z</latexit>

• Widely used for time-series 
modeling 
• The parameterization of the 

functions that control how h 
behaves dictate the type of 
recurrent neural networks: 
• Long short-term memory 

(LSTM)
• Gated recurrent units (GRU)



Latent factor models

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="ikzi6YRz8zRNydAzPBPL8udRcSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRqo2r</latexit>z1 • Unsupervised models of (often high-
dimensional data)
• Z: unobserved latent variation (often lower 

dimensional) than X (observed data)
• You may have encountered many variations 

of latent factor models: 
• Linear models: 

• Probabilistic PCA
• Factor analysis

• Non-linear models
• Variational autoencoders



Extracting a biologically relevant latent space from cancer transcriptomes with variational autoencoders
Way et. al , PSB 2014



State space models

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>x3

<latexit sha1_base64="ikzi6YRz8zRNydAzPBPL8udRcSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRqo2r</latexit>z1
<latexit sha1_base64="39CbZgeH7idn5xafE3bLj1DQTyg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEy6NrA==</latexit>z2 <latexit sha1_base64="12Jo8gJdiW7DRNkK6glxVvClPHE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AFLKNrQ==</latexit>z3

<latexit sha1_base64="eFq/XSkknCRVdhf1oz1GRMY5Xcc="></latexit>

p(x1, x2, x3) =

Z

z1,z2,z3

p(x1, x2, x3, z1, z2, z3)

=

Z

z1,z2,z3

p(z1)p(z2|z1)p(z3|z2)
3Y

k=1

p(xk|zk)

There are many different varieties 
of state space models. 

Each one makes different 
assumptions on how the 

probabilities behave and are 
transformed.



Hidden Markov Model

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>x3

<latexit sha1_base64="ikzi6YRz8zRNydAzPBPL8udRcSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRqo2r</latexit>z1
<latexit sha1_base64="39CbZgeH7idn5xafE3bLj1DQTyg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEy6NrA==</latexit>z2 <latexit sha1_base64="12Jo8gJdiW7DRNkK6glxVvClPHE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AFLKNrQ==</latexit>z3

Z are discrete random 
variables (often 

categorical)

Edges denote 
transition matrices



Linear Gaussian State Space Model

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>x3

<latexit sha1_base64="ikzi6YRz8zRNydAzPBPL8udRcSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRqo2r</latexit>z1
<latexit sha1_base64="39CbZgeH7idn5xafE3bLj1DQTyg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEy6NrA==</latexit>z2 <latexit sha1_base64="12Jo8gJdiW7DRNkK6glxVvClPHE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AFLKNrQ==</latexit>z3

Z are continuous valued 
random variables 

(Gaussian) <latexit sha1_base64="WJwveGw2vnps6eqbevEfsuJwu1E="></latexit>

zt = N (µt,�)

µt = Wzt�1 + b

� = C



Deep Markov Models

z1

<latexit sha1_base64="f4JAkaJV4cmKQlTHc1bgJFYupSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AERAo2p</latexit>

z2

<latexit sha1_base64="FqpP9uCOdABFOj14AIByasx7unA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Sho2q</latexit>

z3

<latexit sha1_base64="5/sih4utI9Qflouo3SvzdI1+aqg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/UueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMUCo2r</latexit>

z4

<latexit sha1_base64="F1DsU+8Gkp1TxgyzoREBaK76ias=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N0It/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMVjo2s</latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

x4

<latexit sha1_base64="K7O9coyOMbx5PDqXhB3Kh+odSaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMSgo2q</latexit>

Emission
function

Transition
function

p(x|z; ✓)

<latexit sha1_base64="DYf5T5YspHmM2boAY6+yeLVVDhk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyWRgoKXohePFewHtKFstpt26WYTdyfFWvs7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuZldW19Y3sZm5re2d3L79/UNdRoiir0UhEqukTzQSXrIYcBWvGipHQF6zhD66nfmPIlOaRvMNRzLyQ9CQPOCVoJC8uPjw9Xraxz5CcdvIFp+TMYC8TNyUFSFHt5L/a3YgmIZNIBdG65ToxemOikFPBJrl2ollM6ID0WMtQSUKmvfHs6Il9YpSuHUTKlER7pv6eGJNQ61Hom86QYF8velPxP6+VYHDhjbmME2SSzhcFibAxsqcJ2F2uGEUxMoRQxc2tNu0TRSianHImBHfx5WVSPyu55VL5tlyoXKVxZOEIjqEILpxDBW6gCjWgcA/P8Apv1tB6sd6tj3lrxkpnDuEPrM8fab+R3w==</latexit>

p(zt|zt�1; ✓)

<latexit sha1_base64="VqUZINa5JSaccuLbzat26CKQ9Nk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6sGSSEHBS9GLxwr2A9oQNtttu3SzCbsToY0F/4oXD4p49Xd489+4bXPQ6oOBx3szzMwLYsE1OM6XlVtaXlldy68XNja3tnfs3b2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4PfWb90xpHsk7GMXMC0lf8h6nBIzk2wdxaezDw9hP4dSdXHZgwICc+HbRKTsz4L/EzUgRZaj59menG9EkZBKoIFq3XScGLyUKOBVsUugkmsWEDkmftQ2VJGTaS2fnT/CxUbq4FylTEvBM/TmRklDrURiYzpDAQC96U/E/r51A78JLuYwTYJLOF/USgSHC0yxwlytGQYwMIVRxcyumA6IIBZNYwYTgLr78lzTOym6lXLmtFKtXWRx5dIiOUAm56BxV0Q2qoTqiKEVP6AW9Wo/Ws/Vmvc9bc1Y2s49+wfr4BsaFlV4=</latexit>

u1

<latexit sha1_base64="FXfXo9ej6bXI1DIjZj3pFrH0zXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAJZI2k</latexit>

u2

<latexit sha1_base64="0LAF+n1DgVbyAmVaEpZBnKj13Rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR3UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVa9erd/XK42bPI4inME5XIIHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAK6I2l</latexit>

u3

<latexit sha1_base64="DkA/tGTvdSpUvFSn2G44At0EvP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEMbI2m</latexit>

Structured Inference Networks for Nonlinear State Space Models, RGK, US, DS, AAAI 2017



Learning time-series models

Univariate time-series

Regression

ARIMA

Nonlinear regression via conv. nets

Multivariate time series

K-order Markov 
models

Recurrent neural 
networks

State space models



Dataset (N=3)

Learning via maximum likelihood estimation

• Model parameters are learned via maximum likelihood estimation

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJ jkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1
<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>x2

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>x3

Solve this optimization problem to learn 
the model. Often formulated as a minimization

of the negative of the log-likelihood function

Score function 
(high is good, low is bad)

<latexit sha1_base64="y4904UBg++Miv74+c5l8DWs4CIU="></latexit>

✓ = argmax
✓

NX

i=1

L(xi
1, . . . , x

i
T ; ✓)

<latexit sha1_base64="TZxmT9I+/T99N6/t2KcDyFk9euA=">AAACK3icdVDLSgMxFM3UV62vqks3wSJUKGVGRAURpG5cuFCwrdAZhkwmbYOZyZDcEcvQ/3Hjr7jQhQ/c+h+mj4W2eiBwOOdebs4JEsE12Pa7lZuZnZtfyC8WlpZXVteK6xsNLVNFWZ1KIdVNQDQTPGZ14CDYTaIYiQLBmsHt2cBv3jGluYyvoZcwLyKdmLc5JWAkv1hzIwJdSkR20S/f+07FFaEEXbn3r49d6DIgu/gEu0J2cP KP7xdLdtUeAk8TZ0xKaIxLv/jshpKmEYuBCqJ1y7ET8DKigFPB+gU31Swh9JZ0WMvQmERMe9kwax/vGCXEbanMiwEP1Z8bGYm07kWBmRwk05PeQPzLa6XQPvIyHicpsJiODrVTgUHiQXE45IpRED1DCFXc/BXTLlGEgqm3YEpwJiNPk8Ze1Tmo7l/tl05r4zryaAttozJy0CE6RefoEtURRQ/oCb2iN+vRerE+rM/RaM4a72yiX7C+vgFYAqaD</latexit>

L(x1, . . . , xT ; ✓) = log p(x1, . . . , xT ; ✓)



Recipes for learning via maximum likelihood 
estimation

• Usually: 
• Write down the log likelihood as a function of the model parameters
• Use stochastic gradient ascent to maximize log likelihood of observed data to 

learn parameters

• For latent variable models: 
• If the posterior distribution is tractable, often can write the log-likelihood in 

closed form or obtain an unbiased estimate via Monte-Carlo sampling
• Else: approximate inference

• Variational inference
• Markov Chain Monte Carlo 



Evaluation of time-series models

• Mean-squared error
• Forecasting on training data
• Forecasting on held-out data

• Held-out log likelihood
• Introspection of model parameters


